Abstract. The strong candidate stability theorem by Dutta et al. [4], one of the major theorems of social choice theory, states that, with a finite number of voters, there exists a dictator for any voting procedure which satisfies strong candidate stability, strong unanimity and independence of irrelevant alternatives (IIA). This paper investigates a decidability problem of voting procedures in a society with an infinite number of individuals (infinite society) using Cantor's diagonal argument presented by Yanofsky [19] which is based on Lawvere [10] . We will show the following result. The problem whether a strongly candidate stable voting procedure has a dictator or has no dictator in an infinite society is undecidable. It is proved using the arguments similar to those used to prove an extended version of Cantor's theorem that there cannot be an onto function from N (the set of natural numbers) to its power set P(N). This undecidability means that for any strongly candidate stable voting procedure we can not decide whether or not it has a dictator in finite steps by some program. A dictator of a voting procedure is a voter such that if he strictly prefers a candidate (denoted by x) to another candidate (denoted by y), then the voting procedure does not choose y. Strong candidate stability requires that there be no change in the outcome of an election if a candidate withdraws who would lose if every candidate stood for office.
Introduction
This paper investigates a decidability problem of an extension of the strong candidate stability theorem by Dutta et al. [4] to a society with an infinite number of individuals (infinite society) using Cantor's diagonal argument presented by Yanofsky [19] which is based on Lawvere [10] 1 . According to [19] an extended version of Cantor's theorem is stated as follows.
Let Y be a set, and α : Y → Y a function without a fixed point (for all y ∈ Y, α(y) = y), T and S sets and β : T → S a function that is onto (i.e., has a right inverseβ : S → T ), then for all functions f : T × S → Y the function g : T → Y constructed as follows
is not representable by f . Where I d is the identity mapping on T .
It is an extension of the famous Cantor's theorem that the cardinality of the power set P(N) of the set of natural numbers N is larger than the cardinality of N, or in other words, there is no onto map N → P(N). We will use similar arguments to those in the proof of this theorem to prove our main result. The strong candidate stability theorem by Dutta et al. [4] is one of major theorems of social choice theory. About social welfare function (binary social choice rule which satisfies some conditions), Arrow's impossibility theorem ( [1] ) states that, with a finite number of individuals, there exists a dictator for 1 In other papers we examined computability or decidability of social choice rules. For example, in [17] , we examined social choice function from the point of view of constructive mathematics, and showed that the theorem that any coalitionally strategy-proof social choice function may have a dictator or has no dictator in an infinite society is equivalent to LPO (Limited principle of omniscience). About LPO, see [3] . A social choice function is a social choice rule that chooses one alternative from the set of alternatives about some issue corresponding to reported profiles of individual preferences in a society. If any group (finite or infinite) of individuals has no incentive to report falsely the preferences of its members, then the social choice function is coalitionally strategy-proof. Coalitional strategy-proofness is an extension of the ordinary strategy-proofness. It requires non-manipulability by coalitions of individuals as well as by a single individual. YASUHITO TANAKA 253 any social welfare function. In contrast [6] , [8] and [9] showed that when the number of individuals in a society is infinite, there exists a social welfare function without dictator. About strategy-proof social choice functions, with a finite number of individuals, the Gibbard-Satterthwaite theorem ( [7] and [14] ) states that there exists a dictator for any strategy proof social choice function. In contrast [13] showed that in an infinite society there exists a coalitionally strategy proof social choice function without dictator 2 . About strongly candidate stable voting procedures [4] showed that, with a finite number of voters, there exists a dictator for any voting procedure which satisfies strong candidate stability, strong unanimity and independence of irrelevant alternatives (IIA). We will show that there may be no dictator for any strongly candidate stable voting procedure satisfying strong unanimity and IIA in an infinite society. A dictator of a voting procedure is a voter such that if he strictly prefers a candidate (denoted by x) to another candidate (denoted by y), then the voting procedure does not choose y. Strong candidate stability requires that there be no change in the outcome of an election if a candidate withdraws who would lose if every candidate stood for office.
In the next section we present the framework of this paper and some preliminary results. In Section 3 we will show the following result. The problem whether a strongly candidate stable voting procedure has a dictator or has no dictator in an infinite society is undecidable. And it is proved using the arguments similar to those used to prove an extended version of Cantor's theorem. This undecidability means that for any strongly candidate stable voting procedure we can not decide whether or not it has a dictator in finite steps by some program.
The framework and preliminary results
About formulation of voting procedures we refer to [5] . Let C be the finite set of potential m candidates with m ≥ 3. The set of all subsets of C is denoted by C. The candidates are represented by x, y, z and so on, or by
V is the set of a countably infinite number of voters. C and V may overlap, that is, some candidates may also be voters. Let C 1 be the set of voting candidates and C 2 be the set of non-voting candidates. Thus 
Every voting candidate's unique top-ranked candidate is usually himself. Thus, the domain of voting procedures is restricted to the following set.
Later we extend, however, the domain of voting procedures to the set of all logically possible profiles ω . For voting procedures we require the following conditions:
Independence of non-voters' preferences:
The outcome of a voting procedure depends only on the voters' preferences.
It is stated as item (ii) in [4] .
Independence of irrelevant alternatives (IIA):
It is stated as item (iii) in [4] , and is called independence of infeasible alternatives in [5] .
Next we define candidate stability and strong candidate stability.
Candidate stability:
It means that each candidate prefers the outcome if all candidates are on the ballot to the outcome that would obtain if he withdrew from the election, or they are the same.
Strong candidate stability:
It requires that there be no change in the outcome of an election if a candidate withdraws who would lose if every candidate stood for office.
We define some other properties of voting procedures.
Unanimity: For all B ∈ B and all
It requires that candidate x is chosen when all voters most prefer x in B.
As stated in [5] if there are more than one voting candidates, unanimity is vacuous. Thus, we define the following condition.
Strong unanimity: For all B ∈ B and all p ∈ ω (r ), if T (B, i ) = {x} for all
It requires that candidate x is chosen when all voters most prefer x in B when each voting candidate's preference for himself (other than the preference of voter x if x is a voting candidate) is ignored.
Now we define a dictator of a voting procedure.
Dictator:
If the outcome of a voting procedure on every B ⊂ B at every profile is always one of the top-ranked candidates of a particular voter at that profile, for example,
, then he is a dictator of the voting procedure. When a dictator is a voting candidate, the condition is that
But, we will show that a dictator is not a voting candidate.
We extend the domain of voting procedures to the set of all logically possible profiles ω . Denote a profile in ω (r ) by p(r ) and the preference of a voter i by i (r ). We define the outcome of a voting procedure for B ∈ B at a profile p in ω \ ω (r ) as follows:
It means that the outcome of a voting procedure ignores a change in the preference of every voting candidate about himself, and only a change in his preference about candidates excluding him can affect the outcome. By this definition any voting procedure is defined over unrestricted domain. Proof. See Appendix A.
We define some properties of extended voting procedures.
Weak Pareto optimality:
For any ordered pair of candidates (x, y) of every B ∈ B at every profile, if all voters prefer x to y (x i y for all i ∈ V ), then any voting procedure does not choose y.
Independence: Let B be a set of candidates (a subset of C) 3 . If profiles p and
Monotonicity: For arbitrary two candidates x and y, suppose that at a profile p some voters prefer x to y and all other voters prefer y to x, and a voting procedure chooses x. If voters, who prefer x to y at p, prefer x to y at another profile p , then the voting procedure does not choose y at p regardless of the preferences of other voters.
The condition of independence is similar to the analogous condition by [8] for social choice correspondences. Clearly weak Pareto optimality implies unanimity for extended voting procedures. But, we will show that unanimity with strong candidate stability implies weak Pareto optimality.
Hereafter we abbreviate "extended" for voting procedures when it does not cause any confusion.
In Lemma 2 of [4] it was shown that if C ∩ V = ∅, candidate stability implies strong candidate stability, and they proved the following two theorems. 
Theorem 1 (Theorem 1 in [4]). If
C ∩ V = ∅ (
DICTATOR FOR VOTING PROCEDURES AND CANTOR'S DIAGONAL ARGUMENT
As preliminary results, we show that a dictator is not a voting candidate, and that unanimity with strong candidate stability implies weak Pareto optimality in the following lemmas.
Lemma 2. A dictator, if it exists, is not a voting candidate.
Proof. Suppose that a dictator is a voting candidate i. Then, we always have v( p, C) = i at every profile. Consider a profile such that
Then, strong unanimity (or unanimity for extended voting procedures) means v( p, C) = x. It is a contradiction. Therefore, no voting candidate can be a dictator.
Lemma 3. Unanimity with strong candidate stability implies weak Pareto optimality.
Proof. See Appendix B.
Next we show independence and monotonicity in the following lemma. Proof. See Appendix C.
We define two additional terms and show two lemmas.
Decisiveness:
If, whenever all voters in a group G prefer a candidate x to another candidate y, a voting procedure does not choose y regardless of the preferences of other voters, then G is decisive for x against y.
Decisive set: If a group G is decisive about every pair of candidates, then it is called a decisive set.
The meaning of the word "decisive" is similar to the meaning of the same term used in [15] for binary social choice rules. A decisive set for a voting procedure may consist of one voter, then he is a dictator of the voting procedure. Now we show the following lemma.
Lemma 5. If a group G is decisive for one candidate against another candidate, then it is a decisive set.
Proof. We present the proof of the case where there are more than three candidates. The proof of the case where there are only three candidates is similar.
Assume that G is decisive for x against y. Let z and w be arbitrary candidates other than x and y. Consider the following profile.
1. Voters in G prefer z to x to y to w to all other candidates.
2. Other voters prefer y to w to z to x to all other candidates.
The fact that G is decisive for x against y and weak Pareto optimality imply that the voting procedure chooses z at this profile. By monotonicity the voting procedure does not choose w so long as the voters in G prefer z to w. It means that G is decisive for z against w. Based on this fact, by similar procedures we can show that G is decisive for z against x (or y), for y (or x) against w, and for y against x. Since z and w are arbitrary, G is a decisive set.
Next we can show the following result.
Lemma 6. If two groups G and G , which are not disjoint, are decisive sets, then their intersection G ∩ G is also a decisive set.
Proof. Consider the following profile.
1. Voters in G \ (G ∩ G ) prefer z to x to y to all other candidates.
Voters in G \ (G ∩ G ) prefer y to z to x to all other candidates.
3. Voters in G ∩ G prefer x to y to z to all other candidates.
Voters in V \ (G ∪ G ) prefer z to y to x to all other candidates.
Since G and G are decisive sets, the voting procedure chooses x. Since only voters in G ∩ G prefer x to z and all other voters prefer z to x, monotonicity implies that G ∩ G is decisive for x against z.
By Lemma 5 it is a decisive set.
This lemma implies that the intersection of a finite number of decisive sets is also a decisive set.
DICTATOR FOR VOTING PROCEDURES AND CANTOR'S DIAGONAL ARGUMENT

An extended version of Cantor's diagonal argument and existence of dictator for voting procedures
Consider profiles such that one voter (denoted by i) prefers x to y to z to all other candidates, and all other voters prefer z to x to y to all other candidates. Denote such a profile by p i , and the set of such profiles for all i byˉ ω . By weak Pareto optimality any voting procedure chooses x or z. If the voting procedure chooses x at p i for some i, then by monotonicity individual i is decisive for x against z, and by Lemma 5 he is a dictator. On the other hand, if the voting procedure chooses z at p i for all i ∈ N , then there exists no dictator, and a group N \ {i} is a decisive set for all i ∈ N . By Lemma 6 in the latter case all co-finite sets (sets of individuals whose complements are finite sets) are decisive sets. Thus, we obtain the following theorem.
Theorem 3. Any strongly candidate stable voting procedure satisfying strong unanimity and IIA has a dictator or has no dictator, and in the latter case all co-finite sets are decisive sets.
An extended version of Cantor's theorem. According to [19] we present an extended version of Cantor's theorem and its proof.
Theorem 4. Let Y be a set, and α : Y → Y a function without a fixed point (for all y ∈ Y, α(y) = y), T and S sets and β : T → S a function that is onto (i.e., has a right inverseβ : S → T ), then for all functions f : T × S → Y the function g : T → Y constructed as follows
T × S f Y α T <I d,β> g
Y is not representable by f . Where I d is the identity mapping on T .
Proof. See Appendix D.
The famous Cantor's theorem is derived as a corollary of this theorem.
Theorem 5. The cardinality of the power set P(N) of N is larger than the cardinality of N, or in other words, there is no onto map N → P(N).
Proof. See Appendix E.
The following theorem is the main result of this paper.
Theorem 6. Whether or not a strongly candidate stable voting procedure has a dictator is not decidable, and this undecidability is proved using Cantor's diagonal argument.
Proof. Let V be the set of strongly candidate stable voting procedures on the profiles inˉ ω defined above, N be the set of natural numbers, I d be the identity mapping of (V, N) and β be a function such that β :
It is a projection function. Assume that there exists some program to decide whether or not a strongly candidate stable voting procedure has a dictator in finite steps. It reads the profiles inˉ ω from p 1 step by step. Denote such a program by f . Let v 1 and v 2 be two voting procedures in V and Y = {0, 1}. Then, f is defined as follows: (
We show that it leads to contradiction by similar arguments to those in the proof of Theorem 4. Evaluation at v 2 = v 1 gives
This means that α has a fixed point f (v 1 , N , v 1 ). It is a contradiction. Therefore, there does not exist any program to decide whether or not a strongly candidate stable voting procedure has a dictator in finite steps.
Final Remark
We have examined the strongly candidate stability theorem in an infinite society. We have shown that whether a strongly candidate stable voting procedure has a dictator or not is undecidable using Cantor's diagonal argument. The assumption of an infinite society seems to be unrealistic. But [11] presented an interpretation of an infinite society based on a finite number of individuals and a countably infinite number of uncertain states.
Appendices
A Proof of Lemma 1
First we show strong candidate stability. Let p ∈ ω , x ∈ C, and assume
. Thus, the extended voting procedures satisfy strong candidate stability.
Next consider unanimity. Let p ∈ ω , B ∈ B and x ∈ B, and assume 
, and the extended voting procedures satisfy IIA.
B Proof of Lemma 3
(1) First we show weak Pareto optimality when B = C. Given a profile p and a set of candidates S we denote by p * S the profile obtained by moving all candidates in C \ S to the last position of the preferences of voters keeping their preferences about candidates in C \ S.
Assume that at a profile p about a pair of candidates (x, y) all voters prefer x to y and f ( p, C) = y. Let us denote candidates other than x and y by z 1 , z 2 , • • • , z m−2 , and consider a sequence of feasible sets
Corresponding to this sequence, we construct a sequence of profiles by letting
Since f ( p, C) = y, it follows f ( p, B 1 ) = y by strong candidate stability; furthermore f ( p 1 , B 1 ) = y by IIA. Strong candidate stability implies 
But it contradicts the result of (1) because all voters prefer x to y and z at p .
C Proof of Lemma 4
( 
Corresponding to this sequence we construct a sequence of profiles p 1 
It is a contradiction. Thus, if x = f ( p, C) ∈ B, y ∈ B and y = x, then a candidate other than y is chosen at p .
(2) Monotonicity: We use notations in the definition of monotonicity. Let z be a given candidate other than x and y.
Consider the following profiles.
(a) p : Voters, who prefer x to y at p, prefer x to y to z to all other candidates. Voters, who prefer y to x at p, prefer y to z to x to all other candidates.
(b) p * : Voters, who prefer x to y at p, prefer x to z to y to all other candidates. Voters, who prefer y to x at p, prefer z to x and prefer z to y to all other candidates (their preferences about x and y are not specified).
By independence (about {x, y}) and weak Pareto optimality the voting procedure chooses x at p . Again by independence (about {x, z}) and weak Pareto optimality the voting procedure chooses x at p * . Then, independence (about {x, y}) implies that the voting procedure does not choose y so long as voters, who prefer x to y at p, prefer x to y.
D Proof of Theorem 4
Let Y , α, T and β be given. Letβ : S → T be the right inverse of β. By definition g(t) = α( f (t, β(t)))
We show that for all s ∈ S g(−) Thus, g(n) = 1 when n ∈ G and g(n) = 0 when n / ∈ G. Since G is a subset of N, we have g(−) = f (−, m) for some m ∈ N, that is, g(−) must be representable by f (−, m). But, since α has no fixed point, by Theorem 4 g(−) is not representable by f (−, m). Therefore, there does not exist an onto map h : N → P(N).
